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S: 

^^Abstract. The limiting resolution in optical interferometry is set by the number of photons used, 
^— Iwith the functional dependence determined by the state of light that is prepared. We consider the 
«problem of measuring the rotation of a beam of light about an optical axis and show how the limiting 
2™íresolution depends on the total number of quanta of orbital angular momentum carried by the light 
' beam. 

> : 

Introduction 

(N ; 

^^It has long been recognised that the ultimate accuracy of optical measurements 
ly^s! set by the quantum nature of light. Indeed the desire to approach these 
(Oquantum limits was a strong motivation for the study of nonclassical and 
~r^P articular ly squeezed states of light [1]. The use of coherent làser sources 
Qtypically provides a limiting resolution that is inversely proportional to the 
+isquare root of the mean number of photons used in the measurement (iV -1 / 2 ). 

Th is can be improved upon by the use of squeezed states which enhances 
^jthe resolution by the square root of the degree of squeezing (i\r 1 / 2 e - p ). The 
OFull quantum limit is reached by complete control of the photon number and 
;>gíves a quantum limited resolution that it inversely proportional to the photon 
|3iumber (iV -1 ) [2]. 

^ . One of the earliest proposals for the application of squeezed light was to 
ctfimprove the sensitivity of optical interferometry [3] , which was demonstrated 
very soon after the first successful squeezing experiments [4,5]. This was fol- 
lowed by a demonstration of enhanced sensitivity in a spectroscopic measure- 
ment [6]. More recently, it has been suggested that squeezed light can be used 
to enhance the resolution of measurements of small displacements in optical 
images, or beam displacements [7]. An experimental demonstration, based on 
squeezed light prepared in a novel 'flipped' mode, followed soon afterwards [8]. 

The quantum limit for detection of phase shifts can be approached using 
a balanced interferometer with equal intensity inputs [9]. It has also been 



2 



suggested that the same degree of resolution could be achieved by means 
of special beam-splitters that send all of the light though one arm of the 
interferometer so that a two-mode 'Schròdinger-cat' state is prepared [10,11]. 
The same 7V _1 -limited resolution can be obtained for beam displacements by 
use of a pair of specially shaped modes, each having precisely the same number 
of photons [12]. 

In this paper we examine the factors limiting our ability to measure the 
rotation of a beam about the optical axis. We will find that, as with interfer- 
ometric and beam-displacement measurements, the resolution depends on the 
number of photons used and can be improved by the use of suitable nonclassi- 
cal states of light. The resolution also depends, however, on the orbital angular 
momentum of the light used to make the observation [13, 14]. We will find that 
it is the product of the orbital angular momentum per photon, M, and the 
total photon number, N, that determines the limiting resolution. Hence it is 
the total number of quanta of orbital angular momentum, N£, that sets the 
minimum detectable rotation. 

After some general considerations, Sect.EJ we present two different schemes 
to measure small rotations, Sect.|3]and Sect.0J A comparison of the resolution 
achievable by different measurements concludes the paper, Sect. El 

2 General considerations 

Let us consider a light beam propagating through an image rotator, that is a 
device that rotates an input image about the optical axis. It is not necessary 
to specify the form of the rotator, but elementary examples include a rotating 
Dove prism [15], or a pair of stationary Dove prisms with a fixed relative 
orientation. The latter arrangement has recently been used to detect optical 
angular momentum at the single-photon level [16]. A further example of a 
beam rotator is a light beam passing off-axis through a rotating glass disc, 
which induces a tangential displacement, or rotation, of the beam [17] . 

In this work we consider a beam with an image, or transverse spatial profile, 
ui(x,y) propagating in the z direction through an image rotator. The beam 
after passing through the rotator has a transverse profile 

uo(x, y) = uj(x cos 8<j) + y sin 5<p, y cos 5<j) — x sin50), (1) 

where 5cj) is the azimuthal rotation angle and we fix the z axis as the rotation 
axis. In Sect. |3]and 0]we will consider two different beams uj. 



It has recently been suggested that the dual phcnomenon, i.e. light carrying orbital angular mo- 
mentum exerting a torque on a transparent medium, should also exist [18]. 
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It is natural to describe the beam u\ as superposition of Laguerre-Gaussian 
modes as these are eigenmodes of the z— component of angular momentum, 
which is the generator of the rotation. This means that the only effect of a 
rotator on these modes is to add a constant phase shift. Laguerre-Gaussian 
modes, which at the beam waist have the form [19]: 



u p i(r, 4>) 



p\ 



1 



V *r(M +P) 1 



cxp 



2wl 



«7 



(2) 



are labelled by an angular index, £, associated with the angular momentum 
carried by the beam [13], and by a radial index, p, giving p + 1 bright rings in 
the intensity profile (Fig. ^) . Modes with p = have a single intense ring with 
radius [20] 



r = w y/\£\ 



(3) 



Modes with non-vanishing p have a less compact spatial distribution in the 
transverse plane (see Fig. ^-d). 

Our study of rotation measurements starts with the realization that the 
òptics used will, inevitably, have a maximum distance from the optical axis 
beyond which light will be lost by the experiment. For simplicity, we suppose 
that this limit is set by the radius R of the rotator. This, in turn, sets a 
maximum value for the angular momentum that can be carried by a mode 
propagating through it [21]. The Laguerre-Gaussian modes with non-zero p 
extend to a larger radius than those with the same value of i but p = (see 
Fig. ^) • This means that the largest allowed angular momentum will occur for 
ap = mode. For a mode with a bright ring of radius © at the edges of the 
device (f = R), the beam would be strongly diffracted. The radial intensity 
distribution of the Laguerre-Gaussian modes, for large vàlues of \£\, has the 
form 



\u i(r + d)\ 2 ^\u w (r)\ 2 e- d2 K, 



(4) 



so that the intensity tends to be radially distributed like a Gaussian centred in 
f and with a waist wq. Hence we can set the limit for a transmitted Laguerre- 
Gaussian mode for 



r + Wq = R. 



(5) 



From Eq. © we obtain the maximum angular momentum index transmitted 
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Figure 1. Intensity í p' ! 'e 2 Lp'(p 2 ) ) , with radial coordinate normalized with the beam waist 



p = r/wo. The dashed circle, with radius 8 represents the transverse extension of a rotator. Beams 
with p = have the maximum intensity at p = a) Intensity for l = 49, p = 0, showing a 

bright circle with radius 7. b) For the mode l = 64, p = the maximum intensity is at the 
boundary of the device. For increasing value of p we observe a spreading in the intensity, as shown 
in c) l = 49, p = 1 and d) l = 49, p = 2. 



by a device with maximum effective radius R as: 

£ M =(—-l) 2 . (6) 

We can use this result to suggest a probable limit for the smallest detectable 
rotation 5(f). Consider the uncertainty relation for rotation angle and angular 
momentum [22] 

A^AL>^|l-27rP(7r)| 5 (7) 

where the vàlues of 4> are in the range [— ir,ir]. The form of this uncertainty 
relation has recently been confirmed experimentally [23], and states minimiz- 
ing the uncertainty product (J7J) have been derived [24]. For small angular 
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uncertainties we have 



which gives a bound on the minimum possible A(f>: 

For the analogous problem of the optical phase [25] the minimum achievable 
uncertainty is inversely proportional to the mean (or maximum) photon num- 
ber (iV) [26]. The minimum resolvable phase shift also seems to be inversely 
proportional to N [9,12]. This suggests that the minimum resolvable rotation 
given a single photon will be 

6<fKxe£. (io) 

We expect that the optimal use of N photons will give a limit 

5<t><x(Nl M Y l . (11) 

The analogy between the uncertainty, A<p, and the resolution, 6(j>, leads us to 
refer to (jlljl as the 'Heisenberg' limit. 



3 Displacement scheme 

A natural way to measure small angles imparted by an image rotator is through 
the displacement of a beam shining the rotator far from the axis, as in Jones 
experiment [17]. In this scheme the azimuthal displacement gives the measure 
of the rotation angle, as shown in Fig. [2j Clearly the resolution is increased 
by working at the edges of the device, that is at the maximum distance from 
the device axis, and with a small size of the light spot. In the following we 
consider a beam with a Gaussian transverse profile, centred in x = ro, y = 



ui(x,y) = —rj- — exp 



(x - r ) 2 + y 
2w 2 



(12) 



with a small beam waist wq and large ro, 'near' to the edge of the device. 
Clearly there are limits for the achievable experimental precision due simply 
to the finite size of the optical elements used. Given a device with a radial size 
R, than the off-axis Gaussian (|T2*)) will be transmitted if ro + wq ~ R. 
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Figure 2. Scheme based on displacement measurement (picture NA). 

The rotated output beam obtained by Eqs. (0) and (fT2|) is 



uo(x,y) = —À — exp 

TT l / z Wq 



(x — ro cos 54>) 2 + (y — vq sin 5<j)) 



21 



(13) 



The effect of the rotation is to displace the output beam by Ax 
[Yq(cos 5<f> — l) 2 + r 2 . sin 2 5(fi\ 1 ^ 2 . For small 5<p we find 



Ai 

ro ' 



(14) 



so that the resolution achieved measuring small angles in this scheme depends 
on the lateral beam position ro and on the precise measurement of the dis- 
placement Ax between the input and the rotated light spots. 

Small displacements Ax are measured with high resolution by shining a 
split detector and taking the difference of the light intensities on the two 
halves [7]. For a perfectly aligned beam the signal detected is zero, while any 
small misalignment gives an imbalance in the intensities. Given a Gaussian 
mode in a coherent state with mean photon number equal to N, the minimum 
displacement measurable is 



The Standard quantum limit (|15|) can be beaten by engineering the spatial 
mode impinging on the detector and its statistics. In particular the input 
beam is prepared by superposing an even Gaussian mode (|12|) with an odd 
flipped mode u° dd (x, y) = uj(x, y)sign(y). We note that a flipped mode is not 
stable under propagation as it has a discontinuity in y = that would be 
smoothed by diffraction. Nevertheless, it was experimentally possible to beat 
the shot noise limit in displacement measurements by shaping this kind of 
beam [8]. 
In general we have [12] 

Ax = 4^/(iV) (16) 



with f(N) depending on the state in which the modes n? and uj are prepared. 
If the Gaussian mode is in a coherent state with average intensity ./V and the 
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flipped mode is in vacuum then f(N) = N^ 1 ^ 2 , as in Eq. H15|) . This is the 
limit resolution obtained with classical states, i.e. the Standard quantum limit. 
Better resolution can be achieved if the flipped mode is prepared in a strongly 
squeezed state, leading to f(N) = iV~ 3 / 4 . The best resolution is obtained with 
highly non-classical states, for instance by preparing the two modes in number 
states \N/2). In this case / ~ N^ 1 and the displacement Ax ~ N^ 1 is the 
'Heisenberg limit' mentioned in the previous Section. 

From these results for displacement measurements we obtain the maximum 
angle resolution of the scheme in Fig. [2J 

6* = ^f(N). (17) 
2r 

Clearly, 5<j> depends both on the spatial characteristics of the mode (wq and 
lateral displacement ro) and also on the state of light (through f(N)). A 
decomposition of (|12|) in angular momentum eigenmodes allows us to write òcj) 
in terms of the angular momentum index l. In particular for a Gaussian spot 
centred far from the axis z (ro ïí> wq) there is a large dispersion in the angular 
momentum spectrum. We can see this either by writing uj(x,y) in terms of 
its angular Fourier components [27] 



( \ 1 ( x 2 +y 2 + r 2 \ ^ ( r ^x 2 + y 2 \ na\ 
ui{x,y) = —-j^ — exp —t 2^ T W 2 e ( 18 ) 



or by explicitly constructing its decomposition in terms of the Laguerre- 
Gaussian modes (see Fig. ISJa). The latter procedure is carried out in the 
Appendix. Due to the dispersion in the angular momentum spectrum, it is 
important to consider the constraint, imposed by the extension R of the ro- 
tator, found in Sect. [21 From Eq. © and setting ro + wç, = R we find the 
maximum resolution in the displacement scheme 

Ó<P = ^J=/(AT). (19) 

In Eq. (|19|) we immediately identify a 'geometricaF factor depending on the 
angular momentum index and the statistical factor /. In analogy with the 
Standard quantum limit, obtained by using Gaussian coherent states in inter- 
ferometry, we consider the dependence ~ in Eq. (|TÜ)) as the Standard 

optical limit for rotation measurements, as it is obtained with Gaussian spa- 
tial distributions. A spatial Gaussian mode prepared in a Gaussian coherent 
state then gives a combined 'standard quantum limit' in which the minimum 
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Figure 3. The histograms show the probabilities P(£) given in Eq. IA6I , The symbols (a) and 
smooth line (b) are Gaussians with width given by the variance A£ = tq/\/2wq. a) ro = 3wo. b) 

ro = IOwq. 



Figure 4. Interferometric phase measurement using angular momentum eigenstates. The single 
mode annihilation operators are à = J dxv[(x)à(x), b = J dxvi(x)b(x), where à(x) and b(x) are 
continuum annihilation operators [30]. (picture NA) 

resolvable rotation, oc (N£m)~ 1 ^ 2 , is the inverse of the root square of the 
number of quanta of angular momentum. For ro 3> wq, the Gaussian mode 
becomes a good approximation to an angle-angular momentum minimum un- 
certainty product state [24] with < £ >= 0, A£ = ro/\/2wo = and 
A0 = 1/\/2£m- In Fig.|21the P(£) are plotted for ro = 3wo and ro = IQwç, and 
are compared with Gaussians having the same variance. The approach to a 
Gaussian form is an indication of reaching the minimum uncertainty product 
limit [24]. 



4 Interferometric scheme 

If the incoming beam is an angular momentum eigenstate then the only effect 
of the rotator is to add a constant phase shift. Interferometers form the basis of 
phase shift measurements [28] and so it is natural to consider the interferometer 
shown in Fig. to measure rotations. The rotator is placed along one of the 
paths inside the interferometer. Here the shift is in the azimuthal spatial profile 
of the field and this contrasts with well-known interferometers [29] designed 
to measure shift in the longitudinal phase of the light beam. 
Given any mode of the form 



vj(x,y) = v(r) exp(i£(ft) 



(20) 
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entering in the rotator, the beam at the output will be 

vo(x, y) = vj(x, y) exp(i£6<f>). (21) 

We note that the interferometer considered here has recently been used to 
detect the angular momentum of single photons [16]. In the context of rotation 
resolution, we are interested in the smallest angles 5cj) that can be measured 
with this device. 

The rotation through an angle 5<j) on the beam ()2U|) introduces only a ho- 
mogeneous phase shift £S(j) on the whole beam, and so it follows that the 
description of the interferometer in Fig. 21 _ illuminated by angular momen- 
tum eigenmodes - is completely equivalent to Standard interferometers [29] 
measuring longitudinal phase shifts. We note that to have interference the 
input modes a and b need to have the same angular momentum index (£). 

The difference in the intensities of the two beams emerging from the in- 
terferometer depends both on the phase shift, here £5(f>, and on the quantum 
state of the incoming beams. In particular, when the noise level has the size 
of the signal we are at the limit of the smallest detectable phase shift 

ScP=- e f(N), (22) 

with f(N) = iV -1 / 2 , iV~ 3 / 4 , iV -1 depending on the input states of the modes 
a and b. We have seen in Sect. [2] how the transverse size of the device sets 
the limit of the maximum value of £ of the beam that can be transmitted. By 
using the maximum allowed angular momentum we reach the limiting angle 
resolution oc 1/£m- 

It is particularly interesting to consider the case in which the beams entering 
in the interferometer are prepared in the states \N/2)\N/2) [9,12]. The angle 
resolution is then 

^ = 2.24^, (23) 
which is the 'Heisenberg limit' anticipated in Section|2J 



5 Conclusions 

The resolution attainable in an optical measurement of rotations, 5cj>, depends 
on two factors, the number of photons and the orbital angular momentum 
content of the beam. For a displaced Gaussian spot we find, for a single photon, 

— 1/2 

that 5<p oc £ M where £m is the largest angular momentum index supportable 
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by the image rotator. If the measurement is performed by using a coherent 
state with mean photon number N than we find that 5<f> oc {NÍm)~ 1 ^ 2 , he., 
that it is inversely proportional to the square root of the number of quanta 
of angular momentum. Use of nonclassical states of light can enhance the 
sensitivity by changing the functional dependence on N. In particular, use of 
correlated number states can produce a resolution that is proportional to TV -1 . 
We can also increase the sensitivity by changing the functional dependence 
on Ím- Using eigenmodes of orbital angular momentum leads to a resolution 
proportional to £]^, with the ultimate 'Heisenberg' limit being oc (NIm)^ 1 - 

We have demonstrated a clear analogy between orbital angular momentum 
in rotation measurements and photon number in interferometry. There are, 
however, very important practical differences. Creating states of well defined 
orbital angular momentum is relatively straightforward, while making photon 
number states is very difncult. Secondly, enhancement of resolution based on 
controlling the photon number requires extremely high efficiencies of photon 
detection as any losses rapidly degrade the signal by changing the expected 
photon number. Using eigenmodes of orbital angular momentum, however, is 
relatively robust as no matter how many photon are lost, each of the remaining 
photons still carries IK units of angular momentum. 
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Appendix A: Laguerre-Gaussian expansion of a displaced Gaussian beam 

We require the expansion of our displaced Gaussian mode ()12|) in terms of 
the complete set of Laguerre-Gaussian modes: that is we wish to write (at the 
beam waist) 



u l( x , V) = ^2 ^2 c pt u p?i r ' </>)> 

1=0 p=0 



(Al) 



where x = rcos<j), y = rsin^ and u p i(r,<j)) are the normalised Laguerre- 
Gaussian modes (J2J) • We find the amplitudes c p £ by writing both the displaced 
Gaussian and the Laguerre-Gaussians as sums of Hermite-Gaussians and then 
evaluate their overlap using the properties of Hermite polynomials. The dis- 
placed Gaussian can be written in the form 
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where we have used the generating function for Hermite polynomials [31]. The 
Laguerre-Gaussian modes, with l > 0, can be written in the form [32] 



u p e(r, 4>) 
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where 
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The expansion for negative vàlues of l can be obtained by complex conjugation. 
We can calculate the coefficients c p e using equations (jA2|) and (|A3|) together 
with the orthogonality properties of the Hermite polynomials: 
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The modulus squared of these amplitudes are plotted in Fig. IA1I for r /wQ = 3 
and 10. 

It is straightforward to find the fractional power in a displaced Gaussian 
beam associated with each value £, or equivalently the probability, P(£), that 
a single photon will be found to have angular momentum Hi: 



P(£) = ^2\c pi \ 2 = exp 

p=0 



2wl 



(A6) 



where I n is the modified Bessel function of order n [31]. That this probability 
distribution is normalised follows from the property: 



é = h{z) + Y^l n {z). 



(A7) 



n=0 



